Superconductivity in the cuprates, discovered in the late 1980s and occurring at unprecedentedly high temperatures (up to about 140K) in about thirty chemically distinct families, continues to be a major problem in physics. In this article, after a brief introduction of these square planar materials with weak interlayer coupling, we mention some of the salient electronic properties of hole doped cuprates such as the pseudogap phase and the Fermi arc . We then outline a phenomenological, Ginzburg Landau like theory developed by some of us for the emergent d-wave symmetry superconductivity in these materials, and confronted successfully with a large amount of experimental information. A more recent application of the approach to fluctuation diamagnetism and to the anomalously large Nernst effect is also discussed.
I. INTRODUCTION
Superconductivity was discovered more than a century ago, and seemed to be a very low temperature phenomenon confined to temperatures below about 20K. Therefore the discovery of high temperature superconductivity in a family of cuprates around 1987 or so took the Physics world by surprise, not only because the temperatures (T c ) for transition to superconductivity are high (by values prevalent till then in the field; the cuprate T c 's range from about 30K to about 140K), but also because these materials have unusual physical properties. Major unexpected experimental discoveries continue to be made, and there is no single broadly accepted theoretical framework in which the wide range of observed properties can be understood and calculated. In this article, we will outline some of the broad materials characteristics of these systems, some of their basic properties, and outline a novel phenomenological approach which is used to compute a wide range of experimental properties.
The article is organized as follows. Section II of this article is an introduction to the family of cuprate materials with a description of their structure and a minimal electronic model appropriate to the cuprates. A long section (Section III) describes the phase diagram of the hole doped cuprates, which in addition to antiferromagnetically ordered insulating phase and a superconducting region, hosts 'pseudogap' and strange metal regions. The unusual electronic properties of these phases are also described. (This is what makes the section long). Section IV introduces our phenomenological, superficially Ginzburg-Landau-like approach to the system. In Section V, we outline further extensions of this phenomenological theory to describe transport properties (especially the unusual Nernst or thermo-magnetoelectric effect) and electron spectra as measured in ARPES (Angle Resolved Photo Emission Spectroscopy). Section VI mentions some of the major results obtained from the theory for a broad range of equilibrium and nonequilibrium phenomena, above and below T c and for a range of doping x. The concluding section (Section VII) mentions some future directions.
II. MATERIALS, STRUCTURE AND MINIMAL ELECTRONIC MODEL
The cuprates , e.g. La 2−x Sr x CuO 4 , YBa 2 Cu 3 O 7−x , Bi 2 Sr 2 Ca n−1 Cu n O 2n+4+x ( n=1, 2, 3) can be thought of as being made up of highly distorted corner sharing octahedra derivable The Cu ions are at the vertices of a square whose length in most cuprates is about 3.9Å.
Crudely, at the single site level, the occupation of the nine d electrons of the Cu 2+ ion can be described as follows. The tenfold atomically degenerate d level is split into t 2g and e g configurations, with the former lying lower in energy. Its six states are fully occupied by d
electrons. That they do not take part in any low energy electron processes, and are strongly bonded with O 2− electrons, is clear from the fact that the relevant bond lengths, reflected in the Cu-Cu distances, are about the same in almost all cuprates. The twofold degenerate e g level is strongly split in two by the Jahn-Teller distortion mentioned above; the lower one is fully occupied and the higher one is half occupied in the d 9 configuration.
For large local Coulomb repulsion or Mott Hubbard U (as is widely believed to be the case in cuprates from both theoretical and experimental evidence ) the fluctuations in the number of local d electrons is strongly suppressed, and the material is an insulator for exactly one e g electron per site (Mott insulator). If the cuprate is hole doped (for example, the trivalent La is partially substituted by the divalent Sr) both naively, and from a more sophisticated model which includes the oxygen p electrons, it is clear that the system can be thought of electronically as consisting (on the average) of (1 − x) electrons per unit cell where a fraction x of the trivalent La ions is substituted by Sr ions. These electrons move on a square lattice, and in a tight binding picture can be regarded as hopping from one site to another on a square planar lattice with hopping amplitudes t, t etc.. There is an energy penalty of U for double occupation of a particular site by electrons. There is an amplitude λt (λ << 1) for electron hopping perpendicular to the plane. We will neglect this in what follows. Based on the above picture, a one-band Hubbard model on a square lattice is believed to be a reasonable microscopic description for most of the universal aspects of the cuprate phase diagram. The most widely used values for these parameters which define the electron dynamics of the model are, t = 300 meV, t /t = −1/4 1 and U = 2−4 eV 2 . The large value of U (U 4t, the half bandwidth) implies that the material is a strongly correlated metal in which the electron of the Cu hops from site to site, avoiding other d electrons.
In the large U limit the one-band model Hubbard model reduces to the well-known t − J model,Ĥ t−J = − <ij>,σ
which has been used extensively 3 in the context of cuprates. Here the a family. The parent compound is a Mott insulator which undergoes a Ne'el transition at T N to an antiferromagnetic state. Upon doping, the T N drops very rapidly and goes to zero beyond a small value of doping (x 0.03). The superconducting state sets in, preceded by a messy disordered low-temperature phase exhibiting spin glass like behavior till x 0.05.
The superconducting transition temperature, T c (x), detected unambiguously by the onset of the zero resistance state, exhibits a well known parabolic (the 'superconducting dome') dependence with increasing x and reaches a maximum at x 0.16 and ultimately declines to zero for x > ∼ 0.25. The x value corresponding to the maximum T c is called the optimal doping (x opt ) and the regimes, x < x opt and x > x opt , are denoted as underdoped and overdoped regions, respectively. The high temperature region corresponding to the normal states of the superconductor above the superconducting dome is rather abnormal ones among known states of matter found in Nature. This region can be broadly classified into three parts, the so-called pseudogap region for small x (underdoped), the strange metal phase for intermediate values of x and a more 'normal' (i.e. conventional) metal for large x, i.e. the overdoped region. The pseudogap state goes into the strange metal phase, above a temperature scale depicted as the pseudogap sclae T * (see Fig.2 ), which seems more like a crossover (as opposed to a true phase transition) from variety of measurements. Below, we briefly discuss superconducting, strange metal phases and pseudogap phases and summarize some of their unusual features. We also include a separate detailed discussion of spectroscopic characteristics of these phases, as probed by angle-resolved photoemission (ARPES) and scanning tunneling (STS) spectroscopies.
A. Superconducting state
The superconducting state is less unconventional compared to the other parts of high-T c phase diagram. The superconducting order parameter is a charge 2e complex field with dwave symmetry as has been unambiguously demonstrated by phase sensitive measurements 6, 7 .
In conventional superconductors the Cooper pair amplitude or the energy gap 8 that appears in the spectrum of electronic excitations with momentum k on the Fermi surface, namely ∆ k , is generally independent of k, whereas in cuprates it is strongly k dependent and has nodes i.e. vanishes along certain k directions. An approximate two dimensional representation of d-wave symmetry superconducting gap, whose validity for cuprates has been established by ARPES 9-11 and phase-sensitive Josephson junction measurements (see later), is ∆ k = (∆ 0 /2)(cos k x a − cos k y a) (see Fig.3 , a is Cu-O-Cu bond length in the plane and ∆ 0 is the maximum gap magnitude). This can arise in a lattice system through nearest neighbor pairing such that magnitude of pair amplitude (a complex number) along x and y bonds is same but the phases differ by π (see Fig.1 ). A gap function of this kind implies nodal Bogoliubov quasiparticles leading to substantial density of gapless excitations (see Fig.3 ) and these would dominate the behavior of various physical properties at low temperatures (T T c ). Particularly, since the density of states (DOS) vanish linearly in energy, the nodal excitations give rise to, e.g., a non-activated T 2 term in electronic specific heat 12 and similar power law T dependences of various other quantities 13, 14 , unlike that in a s-wave
superconductor. An interesting effect 15 can be seem in the presence of a magnetic field H due to a shift of the quasiparticle spectrum by an amount ∝ H 1/2 ; this has been verified The superconductivity in cuprates has several unusual characteristics. Here we list a few of them.
Short coherence length:
The length scale associated with pairing, namely the coherence length (ξ 0 ), is very small in cuprate superconductors -around 15 − 20Å in the plane and, between planes 2Å, even smaller than the interlayer spacing, implying that the superconductivity related phenomena in the cuprates can be thought of as effectively having
Josephson coupled 8 planes.
FIG. 4. The superconducting transition tempera-
ture T c as a function of low temperature muon spin- 
Emergence from pseudogap state:
In the underdoped side, the precedence of pseudogap phase (see Fig.2 ) while approaching the superconducting state from high temperatures suggests that the transition is not a sudden gap appearance one, as in BCS. This is related with the pseudogap phenomena which we discuss below in more detail. order even far below the irreversiblity field for superconducting to non-superconducting transition [31] [32] [33] , presumably related to vortex lattice or vortex glass depinning 34 .
B. Strange metal
The strange metal is one of the most enigmatic phases in the cuprate phase diagram (Fig.2) . Transport measurements reveal that the resistivity is linear in temperature over a large range, the most fascinating example being the single layer Bi2201, where linearity persists down to T c 7 K 35 , starting from an amazingly high temperature (∼ 700 K). This behaviour is in strong contrast to what one expects on the basis of Fermi liquid theory. We discuss a few of the strange properties of the strange metal phase below.
T -linear resistivity:
In conventional low-temperature superconductors, the temperature dependence of resistivity ρ is well described by ρ ≈ ρ 0 + bT 5 , at low T (> T c ). The linear T dependence 37 is something not fundamentally understood, and is generally associated with strong correlation in the system. As is well known, electron-electron interaction in Fermi liquid systems leads to a T 2 dependence of resistivity, unlike what is observed in optimally doped cuprates. With increasing doping, the temperature dependence is of the form ρ ab ∝ T α with α increasing smoothly from 1 to 2 from optimum to overdoped 38 .
This behaviour is also not understood, but presumably can be broadly described as due to the system changing from strongly correlated non-Fermi liquid to weakly interacting Fermi liquid. 2. ω-linear scattering rate: Optical conductivity, which probes the current-current correlation function, gives further evidence of the unconventional nature of the strange metal phase. In plane, the normal state (both strange metal and pseudogap states) of cuprates is characterized by a broad, Drude-like response centered at frequency ω = 0 (Fig.6 a) for optical conductivity σ(ω). The data are phenomenologically represented by a generalized Drude form
where ω pl (the plasma frequency) is given by the sum rule
pl /8) (here, σ = Reσ + iImσ and the integral has a high frequency cut off ∼ 1 eV). In the above form, 1/τ (ω) and 1 + λ(ω) are the frequency dependent scattering rate and mass renormalization, respectively. The analysis of the experimental data using eq.(2) reveals that the scattering rate has the form a + bω (see Fig.6 b) , unlike a Fermi liquid where 1/τ ∼ ω 2 . The ω-linear term is expected from a marginal Fermi liquid theory 40, 41 .
C. Pseudogap phase
One of the most controversial aspects of the cuprate phase diagram is the nature of pseudogap phase. This is associated with a set of ill-understood apparent crossover phenomena [42] [43] [44] [45] , which are widely observed in underdoped cuprates and, to some extent, in optimally and even slightly overdoped materials. As we summarize below, signatures of gap are observed through different experimental probes, e.g., spin susceptibility, thermodynamic, transport and optical measurements, and in the quasiparticle excitations investigated through ARPES and scanning tunneling microscopy (STM),. As shown in Fig.2 C v /T begins to decrease with decreasing temperature (Fig.25) , indicating presence of a normal state gap. For YBCO, above T c , overdoped samples show (Fig.25 a) a temperatureand doping-independent γ. The underdoped samples have a depression of the specific heat coefficient in the normal state below T * (Fig.25 b) 49 and the specific heat jump at T c is diminished with decreasing doping. Evidence of pseudogap in specific heat measurements has also been found in other cuprates 50, 51 . 
Transport signatures of pseudogap:
There is a significant deviation of in-plane or the ab-plane resistivity from the T linear temperature dependence of strange metal at higher temperature. A pseudogap temperature 37 is identified as the point below which temperaturedependence of in-plane resistivity deviates significantly from its high temperature behavior (see, e.g., Fig.9 a) . A similar temperature scale can be inferred from the Hall resistance which, quite remarkably, is strongly temperature dependent 52 . The pseudogap also appears in the c-axis resistivity ρ c 53,54 as an insulator-like increase with decreasing temperature. 
Temperature and doping dependent Drude peak:
The other interesting observation is that the width of the Drude peak in σ ab decreases with temperature, but the area (spectral weight) under it is independent of temperature 57 . Intriguingly, the integrated area under the Drude peak is found to be linear in x 58,59 indicating a connection to the doped holes 3 and this weight transforms to form the delta function superfluid peak in the superconducting state suggesting ρ s ∝ x. However, as we discuss below, ARPES shows a Angle-resolved photoemission spectroscopy shows that an energy gap is observed on the coherence peak in the superconducting state are basically same. As shown in Fig.27 f, the estimated gap increases with decreasing doping in contrast to T c which decreases.
As shown in Fig.14 , below T c , the energy gap is maximal near (0, π) and vanishes along the line connecting (0, 0) and (π, π) i.e. the nodal direction (k x = k y ), giving rise to gapless nodal quasiparticles, confirming the d-wave nature of the superconductivity. Above T c the gapless region expands to cover a finite region near the nodal point giving rise to the socalled 'Fermi arcs' 67-69 (see Fig.14 f) . Strangely, spectral line shape is relatively sharp in the nodal direction even above T c , unlike that along the antinodal direction.
The spectral weight of the antinodal coherence peak, that marks the onset of superconductivity, decreases with decreasing doping 11 . This behaviour is unlike that in any conventional A more recent and very detailed ARPES study 70 gives an overall perspective ( Fig.15 ) of the cuprate phase diagram based on the existence of gap and/or sharp spectral peak in the ARPES spectra. For example, the strange metal phase is characterized as the one with neither gap nor sharp peak, whereas the pseudogap has a gapped spectrum but no sharp peak. Interestingly, there is a narrow region above the superconducting dome around optimal doping having both gap and sharp spectral peak, similar to the superconducting state below T c .
Tunneling spectroscopy:
In scanning tunneling spectroscopy (STS) or scanning tunneling microscopy (STM) one measures the tunneling current that flows between a sharp metallic tip and typically a conducting sample separated by thin insulating barrier, generally vacuum 8, 21 . STM allows one to probe the local density of states (LDOS) ρ(ω = eV, r) at position r directly from the differential tunneling conductance dI/dV obtained by measuring tunneling current I(V, r) due to applied voltage difference V between the tip and the sample i.e. dI(V, r)/dV ∝ ρ(ω = eV, r). between the peaks, is effectively temperature independent, unlike that of a BCS gap which closes as the temperature is raised through T c . The same phenomenology applies to the magnitude of the pseudogap which, as in ARPES, fills in with temperature but retains its magnitude up to room temperature in underdoped samples. The magnitude of the gap however does decrease with increasing x (Fig.17) . This is just the opposite to what is expected from BCS theory when the dome-shaped doping dependence of T c is taken into account (Fig.27 f) .
STM reveals several important relations between the superconducting gap below T c and pseudogap above T c and between T c and T * 73 .Firstly, the superconducting gap and pseu-dogap has the same scaling with doping, i.e. increasing with decreasing doping. However the ratios of these two gaps are nearly the same over different compounds and doping in spite of the fact that their absolute magnitudes change substantially between different compounds and doping. Also the ratio 2∆ p /k B T c ≈ 4.3 amazingly follows the BCS d-wave relation 22 with T * replacing T c (Fig.18) . Here ∆ p denotes half of the separation between two superconducting peaks.
IV. PHENOMENOLOGICAL THEORY OF SUPERCONDUCTING AND PSEU-DOGAP STATES
A variety of approximate microscopic theories based on many different scenarios and In the phenomenological theory we attribute the pseudogap to short-range local spinsinglet pairing. This is in line with a large number of theories for cuprate superconductivity within the so-called "preformed pair scenarios" 5 , especially those from the strong coupling point of view 3 . We discuss below a possible microscopic underpinning of our theory from a strong correlation picture. However, we emphasize that we do not tie ourselves down to any particular microscopic calculation. Our theory essentially has two main empirical inputs, namely 1. A pairing temperature scale T * (x), mimicking the pseudogap temperature scale (Fig.2) , below which local pairing amplitude becomes substantial. Motivated by the picture that emerges from our GL-like approach, we have also extended
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it to obtain the electron spectral density that inevitably results from coupling between electrons and Cooper pair fluctuations. These results, and their implications for low energy electronic spectra measured through ARPES and STM, are also discussed.
A. Phenomenological GL-like functional Based on our central assumption of the pairing origin of pseudogap, we propose that, as a minimal description, the free energy of a cuprate in the superconducting and pseudogap states can be expressed as a functional solely of the complex pair amplitude. We hypothesize a lattice free-energy functional similar in structure to the conventional GL functional 8 , but defined on the CuO 2 square lattice. Fig.19 shows the square planar lattice schematically.
The free energy is assumed to be a functional of the complex spin-singlet pair amplitude
, where i and j are nearest-neighbour sites of the square planar Cu lattice and m labels the bond-center lattice site located at the bond between the lattice site i and j (see Fig.19 ). The highly anisotropic cuprate superconductivity is modelled as a weakly coupled stack of CuO 2 planes and we ignore, as a first approximation, the interplane coupling. The free-energy functional for a single plane is assumed to have the lattice version of the conventional GL functional 8 , i.e.
We posit the above lattice functional to be more fundamental, in principle, than the con- The occurrence of superconductivity in the model is characterized by a nonzero stiffness for long-wavelength phase fluctuations and is determined by the phase coupling term C [eq. (3)]. The parameter C is taken to be proportional to x in conformity with the Uemura correlation 17 . Also, C > 0 so that the zero-temperature superconducting state has d-wave symmetry [see Fig.19 ]. We discuss the choice of doping and temperature dependences of the parameters A, B and C in more detail in Appendix A.
Effect of magnetic field: An applied magnetic field perpendicular to the CuO 2 planes giving rise to, e.g., the orbital magnetization and magnetothermoelectric effects 77, 78 , is incorporated in our model through a bond flux Effect of quantum phase fluctuations: As we discuss below, the superconducting transition temperature T c obtained in our model follows a dome-shaped curve as a function of x. However, on the extreme underdoped and overdoped regimes the superfluid density becomes small in our model 76 . In these regimes, one needs to take into account the effect of quantum phase fluctuations. These would renormalize T c to zero at finite doping in the underdoped side and their importance is well-supported by experiments 81,82 and theoretical analysis 83 . We can incorporate quantum phase fluctuation effects in our formalism 76 by supplementing the free-energy functional of eq.(3) with the following term
Hereq m is the Cooper pair number operator at site m, and φ m in eq.(3) should be treated as a quantum mechanical operatorφ m , canonically conjugate toq m so that [q m ,φ n ] = iδ mn .
We take the simplest possible form for V mn i.e. V mn = V 0 δ mn , where V 0 is the strength of onsite Cooper pair interaction, an additional phenomenological parameter that can fixed such that T c (x) curve computed in the phenomenological theory matches the experimental one 76 .
We do not include these quantum fluctuations explicitly for calculating thermodynamic quantities, e.g. specific heat, magnetization etc., associated with pairing fluctuations, since quantum phase fluctuations bring about qualitative changes only at the extreme end of the dome on the underdoped side. For other values of x, these fluctuations only renormalize the values of the parameters A, B and C of our functional (3). We assume that such renormalizations have already been taken into account while choosing these parameters in tune with experiments. Next we discuss some general aspects of our model and its possible microscopic origin.
General aspects of the phenomenological theory: As clearly evident from eq.(3),
, the intersite term can be readily identified with the discretized version of usual spatial derivative term |∇ψ| 2 . The model is thus of the form of a conventional GL model, albeit one that is defined on a lattice at the outset. As discussed above, defining the complex singlet pair amplitude to reside on the Cu − Cu bonds ( Fig.19 ) and choosing the phase coupling term C to be positive, we immediately get a d-wave superconducting order at low temperature. The negative sign of C corresponds to more conventional s-wave BCS like case. For quantitative comparison with experiments, the lattice should be thought of more appropriately as a phenomenological one that emerges upon coarse graining, albeit with a coarse graining length only three to five times larger than microscopic lattice spacing a 77 . Hence, our model, in practice, can be thought of as the discretized version of a continuum theory with the lattice spacing a as a suitable ultraviolet cutoff to describe long wavelength physics. In the presence of magnetic field H, the lattice constant is also equivalent to a field scale H 0 = Φ 0 /(2πa 2 ), defined through the flux quantum Φ 0 = hc/2e. In principle, the field scale H 0 can be obtained by fitting the field dependence of magnetization with that of experiment 77 .
The free-energy functional in eq. (3) can also be viewed as the Hamiltonian of an XY model with fluctuations in the magnitude of 'planar spin' ψ m , where the on-site term in eq. (3) simply controls the temperature and doping dependence of the magnitude. The form of the free-energy functional might seem superficially similar to the widely used model of granular superconductors 84 . However, we would like to re-emphasize that we do not assume any underlying granularity of our system, as mentioned above. Such phenomenological lattice models, in the extreme XY limit, have been employed in the past to study superconductivity in non-granular lattice systems, especially in the context of cuprates 83, [85] [86] [87] .
Additionally, even though the form of our functional is mainly motivated by cuprate phenomenology, as we discuss below, a similar functional arises quite naturally in a strong correlation framework for a doped Mott insulator [88] [89] [90] A phenomenological approach such as ours does not point to a specific 'glue' which binds electrons on nearest-neighbor sites into spin singlet pairs. However, as mentioned before, in a strong correlation picture, a natural source is J. In general therefore, the nearestneighbor interaction can be thought of as a mixture of antiferromagnetic spin exchange and pair attraction. As the Mott insulator is doped and the holes become mobile, it seems likely (from experiment) that the interaction is more conveniently described as latter than the former in a mean-field sense. A number of microscopic variational T = 0 calculations appropriate for competing spin density wave and d-wave superconducting ground states as a function of hole doping exist in the literature [95] [96] [97] ; they generally suggest a magnetic ground state or a coexistence of magnetism and superconductivity for low hole doping and a superconducting ground state for higher doping. Here, we consider only the pair degrees of freedom and disregard the spin. So, if this description is appropriate, the limiting (x → 0) pseudogap or bound pair energy scale T 0 is expected to be of order J from which the pair attraction originates in the strong correlation picture. Nevertheless, T 0 is a factor of two or three smaller than J. The decrease of the pseudogap energy scale with x is presumably due to holes because their presence implies at the very least a decrease in the number of nearest-neighbor electron pairs that can be formed. Some early results 98 suggest a meanfield 'effective' J eff J − xt where t is the nearest-neighbor hopping. This may be relevant to the linear decrease of T * (x) with doping x.
B. Thermodynamic quantities obtained from the phenomenological theory
The main objective of our phenomenological approach is to investigate whether the free energy functional defined in eq. (3) 
V. EXTENSIONS OF THE PHENOMENOLOGICAL THEORY TO DESCRIBE THERMOELECTRIC TRANSPORT AND LOW-ENERGY ELECTRONIC SPEC-

TRA
We have extended the phenomenological theory in several ways, e.g., to study the contributions of pairing fluctuations to thermoelectric transport, such as Nernst coefficient, and also to look into the effects of these fluctuations on low-energy electronic spectral density as directly probed via ARPES and STM. We discuss these extensions below.
A. Relaxation dynamics using the phenomenological theory
To study the influence of pairing fluctuations on transport properties we implement given by the stochastic equation
Here F({ψ, ψ * }) is a the free energy functional [eq. (3)], that incorporates the effect of electromagnetic field in the inter-site phase coupling term, as discussed earlier, via a vector potential A mn (t), which can be time-dependent in general. We define a covariant time
+ iV m (t)), where V m (t) is a scalar potential at site m. The time scale τ , which provides the characteristic temporal relaxation scale of the order parameter dynamics, can in general be complex. However it is required to be real in the presence of particle-hole symmetry, that translates to the requirement that the equation of motion for ψ * m be the same as for ψ m under the simultaneous transformation of complex conjugation (ψ m → ψ * m ) and magnetic field inversion (H → −H). Evidence of particle-hole symmetry in the form of no appreciable Hall or Seebeck effect is seen in the experimentally accessible regime of the superconductors we study here, and thus we take τ to be real in our calculations. The thermal fluctuations are introduced through η m (t) with the complex Gaussian white noise correlator η * n (t)η m (t ) = 2k B T τ δ mn δ(t − t ). The dynamical model Eq. 5 is the simplest one which yields an equilibrium state in the absence of driving potentials. For conventional superconductors, it can be derived microscopically within BCS theory above and close to the transition temperature T c . However, it has been used phenomenologically to study transport previously in situations where the microscopic theory is not known, such as for the cuprates 87, 99, 100 . We employ the model in a similar spirit here.
Transport coefficients: To compute transport coefficients, we numerically integrate the dynamical equations (5) 
Basic notions and assumptions behind the approach:
The main difficulty in a theory of the above kind is the description of electrons in a presumably strongly correlated system such as a cuprate, which is perhaps best described as a doped Mott insulator 3 with strong low-energy antiferromagnetic correlation between electrons as well as various other types long-and short-range ordering tendencies. This is the major problem for constructing a microscopic theory in the entire field of strongly correlated electrons and dealing with such problems in a controlled manner would probably continue to be an active field of research and one of the most challenging tasks in condensed matter physics for years to come .
However, irrespective of the microscopic origin, the interacting pair degrees of freedom probably still can be described by a phenomenological theory of the kind described here. To pursue this path, one needs to commit to some kind of model for electron dynamics which therefore implies an approach to the coupling between single electronic and pair degrees of freedom. We develop what we believe is a minimal theory, appropriate for low-energy physics. We assume that for energies |ω| Model: To motivate the microscopic coupling between the spin-singlet bond pair and electrons, we take the tJ model (1) as the basic starting point. However to circumvent the daunting task of treating the no double occupancy constraint discussed in section II, we use the following simplified Hamiltonian, the so-called 'plain vanilla' 101 version of tJ model, i.e.
Here the effective hoppingt ij = g t t ij and effective antiferromagnetic exchangeJ = g s J,
which acts as a pair attraction, are strongly affected by correlations via single-site Gutzwiller renormalization factors g t = 2x/(1 + x) and g s = 4/(1 + x 2 ) 101 . The bare hopping amplitude t ij involves the nearest neighbor (t), next-nearest neighbor (t ) and further neighbor (t ) hopping terms. In our calculations, we use the above mentioned homogeneous Gutzwiller approximation with standard values for t ij (t = 300 meV, t /t = −1/4 and t = 0, see e.g. 1 ).
Very generally, assuming pairing fluctuations to be relevant at low energies, the bondpair attraction term term eq.(6), can be written via Hubbard-Stratonovich transformation as a time and space dependent bond pair potential acting on electrons and characterized by a field ψ m (τ ) [τ is the imaginary time; 0 < τ < β = 1/(k B T )]. The saddle point of the resulting action in the static limit gives rise to the conventional mean field approximation in which the second term in eq. (6) is written as
and the average ψ m = ψ ij ≡J ij b ij is determined self-consistently (mean field theory).
The effective Hamiltonian we use is of the form of eq. (6) satisfies the Dyson equation
where Σ(k, iω n ) [ω n = (2n+1)π/β is the fermionic Matsubara frequency with n as an integer]
is the irreducible self energy, originating from the coupling between bond pairs and electrons Close to T c , the temporal decay of long-wavelength fluctuations is specially slow due to critical slowing down 74 , so that they can be regarded as quasistatic. The self energy Σ can then be expressed as
where N is the total number of Cu sites on a single CuO 2 plane and µ, ν refer to the direction of the bond i.e. x or y (see Fig.19 ). D µν (2q) = R D µν (R) exp (−i2q.R) is the static pair propagator of Cooper pair fluctuations with
The quantity f µ (k, q) = cos[(k µ − q µ )a] is a form factor arising from the coupling between a tight-binding lattice electron and a nearest-neighbour bond pair. Because of the d-wave long-range order (LRO) described as 'Ne el' order ( Fig.19 ) of the 'planar spin' ψ m in the bipartite bond-centre lattice, the standard sublattice transformation [i.e. ψ m →ψ m = ∆ m exp (iφ m ) whereφ m = φ m for x-bonds andφ m = φ m + π for y-bonds] implies
where D(R) can be written as
Here D(R) is the fluctuation term. The LRO part ψ m ≡ ∆ d leads to a d-wave Gor'kov like gap with ∆ k = (∆ d /2)(cos k x a − cos k y a); the corresponding electron self energy is
In widely used phenomenological analyses 102 of ARPES data, this form is used above T c with lifetime effects, both diagonal and off-diagonal in particle number space added to Σ, i.e.
Here Γ 1 is single-particle scattering rate and Γ 0 is assumed to originate due to finite life-time of preformed d-wave pairs 102 .
We propose here that as described above, the electrons move (above T c ) not in a pair field with η > 0) due to order parameter phase or 'spin wave'-like fluctuations 79 . We find here the consequences of these for the spectral function, i.e.
measured in ARPES. G(k, iω n ) is obtained from eq. (8) In a regime where the fluctuations in the real pair magnitude ∆ m are short ranged,
for large R (R >> a) [as evident from eq. (12), 
(withΛ ∼ a −1 ) in eq. (9). An analytical expression can be obtained for the self energy in this case 79 , namely
In this equation, Γ is the well known gamma function and
the velocity (expressed in units of energy) obtainable from the energy dispersion ξ k . The above self energy does not affect the nodal quasiparticles owing to the k dependence of∆ k = (∆/2)(cos k x a − cos k y a) . We have also obtained electronic self-energy for an anisotropic three-dimensional system with small interlayer coupling, as appropriate for the cuprates 79 .
We have used inputs from our phenomenological theory as well as from experimental data to estimate various parameters, such as∆, ξ, η, that enter into the self-energy 79 . We summarize the main results of our calculations for low-energy electronic spectral properties in the next section. Fig.21 shows overall phase diagram obtained from our phenomenological theory and its extensions to capture thermoelectric transport and low-energy electronic spectra. We summarize our main results below and indicate how they compare with the cuprate phenomenology discussed in Section III. appears at a temperature where the antinodal pseudogap in electronic spectral function is completely filled up or, in other words, the Fermi arc extends over the full Fermi surface 79 .
VI. RESULTS FROM THE PHENOMENOLOGICAL THEORY AND COMPAR-ISON WITH EXPERIMENTS
All these various crossovers appears around temperature T * (x), however not all at exactly same temperature but over a somewhat broad range around T * (x) 76 (see Fig.21 (Fig.21) . The results for Nernst regime computed from our theory is shown in Fig.26 . Similar feature is also seen for magnetization 77 . 'Two gaps' from one gap:
Possibly the most widely explored property of a superconductor is the energy gap ∆ k or ∆(φ). The apparent deviation ('bending') of the gap below T c , inferred from ARPES 105 , from the d-wave form has been the subject of a great deal of current interest, leading to speculation that there are two gaps in high-T c superconductors 106 . We have obtained the gap ∆ k from the peak position of the calculated spectral function A(k, ω) for a fixed k as mentioned earlier and conclude from the results (see Fig.29a ) that the 'bending' is due to the coupling of the electron to thermal phase fluctuations ('spin waves') below T c . As expected from such an origin, it is large close to T c , and small as T → 0. These results confirm that there is only one gap, but that to 'uncover' it, effects of coupling to pair fluctuations ('spin waves') have to be factored in. 
VII. CONCLUSION AND FUTURE DIRECTIONS
The cuprate superconductors are unusual materials both in their superconducting and non-superconducting states. After a description of some of their strangeness (Section III),
we have described a phenomenological theory that focuses on their superconductivity and on the properties connected with pairing fluctuations. We have also described a simple model which couples the fluctuations to electrons. Our aim has been to show that such an approach, in principle and in practice, successfully makes sense of the large amount of experimental information accumulated over decades on these materials, and that it does this both qualitatively and quantitatively. Given that such an approach is made in the background of our already strong and increasing knowledge of electrons in condensed matter, and given the repeated discovery of major novel experimental facts, some directions suggest themselves, The approach emphasizes the importance of phase fluctuations and is really a theory in Can the effects be understood in the above framework?
An overarching issue is the need for a microscopic theory with electrons as basic ingredients. The analogue is the celebrated BCS theory which followed the original GL theory in seven or so years. Here, nearly a quarter of century after the discovery of cuprate superconductivity, and in the background of a large number of well developed many-body electronic approaches, a phenomenological theory has been proposed. The underlying question is the well known problem of a theoretical description of strongly correlated mobile electrons. Many phenomena of the strange metal phase itself, depend for their theoretical understanding on the development of such a theory, so that the development of a 'reliable' many-particle approach for strongly correlated electrons with inevitable pairing correlations is a pressing necessity for a comprehensive theory of electronic matter.inductable The forms of the parameters A, B and C specified above allow us to reproduce the superconducting dome. However, it is also important to mention that having chosen A, B
and C to reproduce the superconducting dome, the doping and temperature dependences of other physical properties like the superfluid density, the magnitude of the local gap, specific heat, orbital magnetization and Nernst coefficient also agree very well with experiments [76] [77] [78] .
While, underdoped phenomenology plays an important part in determining the form of our model, e.g. to determine the doping dependence of the parameter C as mentioned above, it also produces the standard GL theory for conventional superconductors on the overdoped side. The amplitude of pairing approaches zero at T c , or in other words the actual or 'renormalized' pairing scale T * (x) ≈ T c (x), on the overdoped side in our theory 76 . This is in conformity with the common expectation that the BCS theory or mean-field GL theory is more appropriate for overdoped cuprates.
For specific values of the parameters, e.g. for Bi2212, which has a T opt c
